We prove that the complete normal field net with compact symmetry group constructed by Doplicher and Roberts starting from a net of local observables in ≥ 2+1 space time dimensions and its set of localized (DHR) representations does not possess nontrivial DHR sectors. Whereas the superselection structure in 1 + 1 dimensions typically does not arise from a compact group, the DR construction is applicable to 'degenerate sectors', the existence of which (in the rational case) is equivalent to non-invertibility of Verlinde's S-matrix. We prove Rehren's conjecture that the enlarged theory is nondegenerate, which implies that every degenerate theory is an 'orbifold' theory. Thus, the symmetry of a generic model 'factorizes' into a group part and a pure quantum part which still must be clarified.
Introduction
A few years ago a long-standing problem in local quantum physics [22] (algebraic quantum field theory) was solved in [19] , where the conjecture [7, 10] was proved that the superselection structure of the local observables can always be described in terms of a compact group. This group (gauge group of the first kind) acts by automorphisms on a net of field algebras which generate the charged sectors from the vacuum and obey normal Bose and Fermi commutation relations. From the mathematical point of view this amounts to a new duality theory for compact groups [18] which considerably improves on the old Tannaka-Krein theory. These results rely on a remarkable chain of arguments [14, 15, 16, 17] which we cannot review here. We refer to the first two sections of [19] for a relatively non-technical overview of the construction and restrict ourselves to a short introduction to the problem in order to set the stage for our considerations.
Our starting point is a net of local observables, i.e. an inclusion preserving map O → A(O) which assigns to each double cone O (the set of these is denoted by K) in spacetime the algebra of observables measurable in O. More specifically, identifying the abstract local algebras with their images in a faithful vacuum representation π 0 , we assume the A(O) to be von Neumann algebras acting on the Hilbert space H 0 . The C * -algebra A generated by all A(O) is called the quasilocal algebra. As usual the property of Einstein causality (if O 1 , O 2 are mutually spacelike double cones then A(O 1 ) and A(O 2 ) commute elementwise) is strengthend by requiring Haag duality
where A(O ′ ) is the C * -algebra generated by A(Õ), K ∋Õ ⊂ O ′ . Typically one requires Poincaré or conformal covariance but these properties will play no essential role for our considerations, apart from their being used to derive the Property B which is needed for the analysis of the superselection structure. We restrict our attention to superselection sectors which are localizable in arbitrary double cones, i.e. representations π of the quasilocal algebra A satisfying the DHR criterion [9, 11] :
These representations are called locally generated since they are indistinguishable from the vacuum when restricted to the spacelike complement of a double cone. Given a representation of this type, Haag duality implies [9] for any double cone O the existence of a unital endomorphism of A which is localized in O (in the sense that ρ(A) = A ∀A ∈ A(O ′ )) such that π ∼ = π 0 • ρ ≡ ρ. This is an important fact since endomorphisms can be composed, thereby defining a composition rule for this class of representations. Whereas (non-surjective) endomorphisms are not invertible, there are left inverses φ ρ such that φ ρ • ρ = id. Localized endomorphisms obtained from DHR representations are transportable, i.e. given ρ ∈ ∆ there is an equivalent morphism localized in O for every O ∈ K. Furthermore, given two localized endomorphisms, one can construct operators ε(ρ 1 , ρ 2 ) which intertwine ρ 1 ρ 2 and ρ 2 ρ 1 and thereby formalize the notion of particle interchange (whence the name statistics operators). For ρ an irreducible morphism, φ ρ (ε(ρ, ρ)) = λ ρ 1 gives rise via polar decomposition λ ρ = ω ρ /d ρ to a phase and a positive number. From here on the analysis depends crucially on the number of spacetime dimensions. In ≥ 2 + 1 dimensions [9, 11] the statistics operators ε(ρ 1 , ρ 2 ) are uniquely defined and satisfy ε(ρ, ρ) 2 = 1 such that one obtains, for each morphism ρ, a unitary representation of the permutation group in A via σ i → ρ i−1 (ε(ρ, ρ)). Furthermore, the statistics phase and dimension satisfy ω ρ = ±1 and d ρ ∈ N ∪ {∞}. The statistics phase ω ρ distinguishes representations with bosonic and fermionic character, and the statistical dimension d(ρ) measures the degree of parastatistics. Ignoring morphisms with infinite dimension, which are considered pathological, we denote by ∆ the semigroup of all transportable localized morphisms with finite statistics. The analysis which was sketched above was motivated by the preliminary investigations conducted in [7] . There the starting point is a net of field algebras O → F(O) acted upon by a compact group G of inner symmetries (gauge group of the first kind):
( 1.3)
The field algebra acts irreducibly on a vacuum Hilbert space H and the gauge group is unbroken, i.e. represented by unitary operators U (g) in a strongly continuous way: The field net is supposed to fulfill Bose-Fermi commutation relations, i.e. any local operator decomposes into a bosonic and a fermionic part F = F + + F − such that for spacelike separated F and G we have
The above decomposition is achieved by
where k is an element of order 2 in the center of the group G. V ≡ U k is the unitary operator which acts trivially on the space of bosonic vectors and like −1 on the fermionic ones. To formulate this locality requirement in a way more convenient for later purposes we introduce the twist operation F t = ZF Z * where
The (twisted) locality postulate (1.4) can now be stated simply as
In analogy to the bosonic case, this can be strengthened to twisted duality:
The observables are now defined as the fixpoints under the action of G:
The Hilbert space H decomposes as follows: 10) where ξ runs through the equivalence classes of finite dimensional continuous unitary representations of G and d ξ is the dimension of ξ. The observables and the group G act reducibly according to
where π ξ and U ξ are irreducible representations of A and G, respectively. As a consequence of twisted duality for the fields, the restriction of the observables A to a simple sector (subspace H ξ with d ξ = 1), in particular the vacuum sector, satisfies Haag duality. Since the unitary representation of the Poincaré group commutes with G, the restriction of A to H 0 satisfies all requirements for a net of observables in the vacuum representation in the above sense. As shown in [7] , the irreducible representations of A in the charged sectors are globally inequivalent but strongly locally equivalent to each other (i.e.
, in particular they satisfy the DHR criterion. Obviously it is not necessarily true that the decomposition (1.11) contains all equivalence classes of DHR representations (take F = A, H = H 0 , G = {e}). This completeness is true, however, if the field net F has trivial representation theory (equivalently 'quasitrivial 1-cohomology'), see [33] . It was conjectured in [10] that every net of observables arises as a fixpoint net such that the representation of A on H contains all sectors, which furthermore means that the tensor category of DHR sectors with finite statistics is isomorphic to the representation category of a compact group G. Under the restriction that all transportable localized morphisms are automorphisms, which is equivalent to G being abelian, this was proved in [8] . After the early works [10, 31] the final proof in complete generality [14, 15, 16, 17, 18, 19] turned out to be quite difficult, which is perhaps not too surprising in view of the nontriviality of the result.
In the next section we prove a few complementary results concerning the DR-construction in ≥ 2 + 1 dimensions. In particular, we show that the DR field net does not possess localized superselection sectors provided it is complete, i.e. contains charged fields generating all sectors of the observables. Although this may appear to be an obvious consequence of the uniqueness result [19] for the complete normal field net, the proof relies upon a number of preparatory facts which are of independent interest. Furthermore, we show that the complete field net can also be obtained by applying the DR construction to an intermediate, i.e. incomplete field net. Our main results, however, pertain to the low dimensional case to which we now turn.
In 1 + 1 dimensions there are in particular two interesting classes of models. The first consists of purely massive models, many of these being integrable. Concerning these it has been shown recently [28] that they do not have DHR sectors at all as long as one insists on the assumption of Haag duality. As to conformally covariant models, which constitute the other class of interest, the situation is quite different in that it has been shown [3] that positive-energy representations are necessarily of the DHR type due to local normality and compactness of the spacetime. It is particularly this class which we have in mind in our 2d considerations, but the conformal covariance will play no role. Whereas in ≥ 2 + 1 dimensions one has ε(ρ 2 , ρ 1 ) * = ε(ρ 1 , ρ 2 ), in 1 + 1 dimensions these statistics operators are a priori different intertwiners between ρ 1 ρ 2 and ρ 2 ρ 1 . This phenomenon accounts for the occurrence of braid group statistics and provides the motivation for defining the monodromy operators: 12) which measure the deviation from permutation group statistics. An irreducible morphism ρ is said to be degenerate if ε M (ρ, σ) = 1 for all σ. Given two irreducible morphisms ρ 1 , ρ 2 one obtains the C-number valued statistics character [29] via
(Here φ j is the left inverse of ρ j and the factor d i d j has been introduced for later convenience.) These numbers depend only on the sectors and satisfy the following identities:
14) [29] , the matrix Y is invertible iff there is no degenerate morphism besides the trivial one which corresponds to the vacuum representation. In the nondegenerate case the number
and the matrices
are unitary and satisfy the relations 19) where C ij = δ i, is the charge conjugation matrix. That is, S and T constitute a representation of the modular group SL(2, Z). Furthermore, the 'fusion coefficients' N k ij are given by the Verlinde relation
As was emphasized in [29] , these relations hold independently of conformal covariance in every (nondegenerate) two dimensional theory with finitely many DHR sectors. This is remarkable, since the equation (1.20) first appeared [36] in the context of conformal quantum field theory on the torus, where the S-matrix by definition has the additional property of describing the behavior of the conformal characters [29] that the resulting 'field' net is nondegenerate, the above Verlinde-type analysis thus being applicable (provided the enlarged theory is rational). These matters will be examined in Section 4.
On the Reconstruction of Fields from Observables
Our first aim in this section will be to prove the intuitively reasonable fact that a complete field net associated (in ≥ 2 + 1 dimensions) with a net of observables does not possess localized superselection sectors. This result, which may not be too important in itself, will be the basis of our proof of a conjecture by Rehren (Theorem 4.4). Furthermore, we show that the construction of the complete field net 'can be done in steps', that is, one also obtains the complete field net by applying the DR construction to an intermediate, thus incomplete, field net and its DHR sectors. For the sake of simplicity we defer the treatment of the general case for a while and begin with the purely bosonic case.
Purely Bosonic Case
The superselection theory of a net of observables is called purely bosonic if all DHR sectors have statistics phase +1. In this case the charged fields which generate these sectors from the vacuum are local and the fields associated with different sectors can be chosen to be relatively local. Then the Doplicher-Roberts construction [19] gives rise to a local field net F, which in addition satisfies Haag duality. Thus it makes sense to consider the DHR sectors of F and to apply the DR construction to these. (In analogy to [9, 11] one requires F to satisfy the technical 'property B' [9] , which can be derived [2] from standard assumptions, in particular positive energy. Since a DR field net is Poincaré covariant with positive energy [19, Sect. 6] , provided this is true for the vacuum sector and the DHR representations of the observables, we may take the property B for granted also for F.)
We cite the following definitions from [19] : 
there is an element k in the center of G with k 2 = e such that the net F obeys graded local commutativity for the Z 2 -grading defined by k, cf. (1.4, 1.5).
Definition 2.2 A field system with gauge symmetry {π, F, G} is complete if each equivalence class of irreducible representations of A satisfying (1.2) and having finite statistics is realized as a subrepresentation of π, i.e. π describes all relevant superselection sectors.
For a given net of observables A we denote by ∆ the set of all transportable localized morphisms with finite statistics. Let Γ be a closed semigroup of localized bosonic endomorphisms and let F be the associated local field net. Now let Σ be a closed semigroup of localized endomorphisms of F. After iterating the DR construction again we are faced with the following situation. There are three nets A, F,F acting faithfully and irreducibly on the Hilbert spaces H 0 ⊂ H ⊂H, respectively, such that Haag duality holds (twisted duality in the case ofF ). The netsF and F are normal field nets with respect to the nets F and A, respectively, in the sense of Definition 2.1. Thus there are representations π of A on H andπ of F onH, respectively, such thatπ • π(A) ⊂π(F) ⊂F. Furthermore, there are compact groups G andG acting on F andF, respectively, such that
The following result is crucial:
Lemma 2.3 The netF is a normal field net w.r.t. the observables A. In particular, there is a compact group G acting onF and containingG as a closed normal subgroup such thatF(O)
Proof. Since the groups G andG consist of all automorphisms of F andF which leave A and F, respectively, pointwise stable, we are precisely in the situation studied in [5, Sec. 3] . Thus we can apply [5, Prop. 3 .1] and obtain a short exact sequence
where G is just the group of all symmetries ofF which leaves the net A pointwise stable. Furthermore, G is unitarily implemented since G andG are (on H andH, respectively). It remains to prove the requirements β) − δ) of Definition 2.1. Now, β) and δ) are automatically true by [19, Thm. 3.5] . Finally, γ), viz. the cyclicity of H 0 forF (O), O ∈ K is also easy: in application to H 0 ,π(F(O)) ⊂F(O) gives a dense subset of H, the image of which under the action of the charged (w.r.t. F) fields inF is dense inH. Now let Γ = ∆, the set of all transportable localized morphisms with finite statistics. Using the above Lemma it is easy to prove the following:
Theorem 2.4 The complete (local) field net F associated with a purely bosonic theory has no DHR sectors with finite statistics.
Proof. Assuming the converse, the above Lemma gives us a field netF on a larger Hilbert spaceH, which obviously is also complete, since the representation π of A on H is a subrepresentation ofπ • π. Thus, by [19, Thm. 3.5] both field systems are equivalent, that is, there is a unitary operator W :
where the irreducible representations π ξ are mutually inequivalent, and similarly forπ • π, π andπ can be unitarily equivalent only if G =G and thus F =F .
We have thus, in the purely bosonic case, reached our first goal. Before we turn to the general situation we show that the construction of the complete field net 'can be done in steps', that is, one also obtains the complete field net by applying the DR construction to an intermediate field net and its DHR sectors, again assuming that the intermediate net is local (this is not required for the complete field net).
The following lemma is more or less obvious and is stated here since it does not appear explicitly in [17, 19] . 
As usual, the field theory F 2 is constructed by applying [19, Cor. 6 .] to the quadruple (A, ∆ 2 , ε, π 0 ) and by defining F(O) to be the von Neumann algebra on H 2 generated by the Hilbert spaces H ρ , ρ ∈ ∆ 2 (O). Let E be the projection [B 1 H 0 ] where B 1 is the C * -algebra generated by H ρ , ρ ∈ ∆ 1 . Trivially, B 1 maps EH 2 into itself. B 1 is stable under G 2 as each of the Hilbert spaces H ρ is. This implies that G 2 leaves EH 2 stable. Restricting B 1 and G 2 to EH 2 one obtains the system (EH 2 , Eπ 2 (·)E, EU 2 E, ρ ∈ ∆ 1 → EH ρ E) which satisfies a) to g) of [19, 6.2] . With the exception of g) all of these are trivially obtained as restrictions. Property g) follows by appealing to [16, Lemma 2.4] . We can thus conclude from the uniqueness result of [19, Cor. 6.2] Remark. This result is of interest only if η ∈ Γ. Otherwise we already know that η extends to an inner endomorphism of F by definition of the field algebra. Proof. By the preceding result we know that the field net F = F Γ is equivalent to a subnet of the complete field net F = F ∆ . We identify F with this subnet. By construction every localized endomorphism η ∈ ∆(O) of A extends to an inner endomorphism of F . I.e. there is a multiplet of isometries
Sinceη commutes with the action of G, it is easy to verify that η leaves F = F N stable and thus restricts to an endomorphism of F which extends η. This extension is not necessarily local, forη(F ) = −F if F is a fermionic operator localized spacelike to O and η is a fermionic endomorphism. This defect is easily remedied by defining
Clearly,η has the desired localization properties and coincides with η on A. Transportability ofη is automatic as
Finally the statistical dimensions of η andη coincide as is seen using, e.g., the arguments in [25] .
Remark. The preceding lemmas do not depend on the restriction to bosonic families Γ of endomorphisms.
Lemma 2.7 Let Γ be a semigroup of bosonic endomorphisms and let F be the associated (incomplete) local field net. Let Σ be the semigroup of all localized endomorphisms of F.
Then the associated DR-field netF is a complete field net with respect to A.
Proof. Let η be a localized endomorphism of A. By the preceding lemma, there is an extension (typically reducible) to a localized endomorphismη ofF. By completeness of F with respect to endomorphisms of F,η is implemented by a Hilbert space inF and there is a subspace Hη ofH such thatπ ↾ Hη ∼ =η as a representation of F. Restricting to A and choosing an irreducible subspace H η we have π Σ ↾ Hη ∼ = π 0 • η. ThusF is a complete field net for A. 
General Case, Including Fermions
In the attempt to prove generalizations of Theorem 2.4 for theories possessing fermionic sectors and of Theorem 2.8 for fermionic intermediate nets F we are faced with the problem that it is not entirely obvious what these generalizations should be. We would like to show the representation theory of a complete normal field net, which is now assumed to comprise Fermi fields, to be trivial in some sense. It is not clear a priori that the methods used in the purely bosonic case will lead to more than, at best, a partial solution. Yet we will adopt a conservative strategy and try to adapt the DHR/DR theory to Z 2 -graded nets. The fermionic version of Theorem 2.8 will vindicate this approach. Clearly, the criterion (1.2) makes sense also for Z 2 -graded nets. Since things are complicated by the spacelike anticommutativity of fermionic operators, the assumption of twisted duality for F is, however, not sufficient to deduce that representations satisfying (1.2) are equivalent to (equivalence classes) of transportable endomorphisms of F. To make this clear, assume π satisfies (1.2), and let
. As it stands, this argument does not work, since π and thus ρ are defined only on the quasilocal algebra F, but not on the operators V F − ∈ F t which result from the twisting operation. Assume, for a moment, that the representation ρ lifts to an endomorphismρ of the C * -algebraF on H generated by F and the unitary V , such thatρ(V ) = V or, alternatively,ρ(V ) = −V . Using triviality of ρ in restriction to
t , which justifies the above argument. Now, in order forρ(V ) = ±V to be consistent, we must have Remark. In a) covariance of π with respect to α k is not enough. We need the fact that, upon transferring the representation to the vacuum Hilbert space via ρ(A) = X O * π(A)X O , α k is implemented by the grading operator V . Proof. The direction b)⇒a) is trivial. As to the converse, by the above all that remains to prove is extendibility of ρ toρ. By the arguments in [35, p. 121] the C * -crossed product (covariance algebra) F ⋊ α k Z 2 is simple such that the actions of F and Z 2 on H 0 and H π via π 0 = id, V and π, V π can be considered as faithful representations of the crossed product. Thus there is an isomorphism between C * (F, V ) and C * (π(F), V π ) which maps F ∈ F into π(F ) and V into V π .
Definition 2.10 DHR-Representations and transportable endomorphisms are called even iff they satisfy a) and b) of Lemma 2.9, respectively.
We have thus singled out a class of representations which gives rise to localized endomorphisms of the field algebra F. But this class is still too large in the sense that unitarily equivalent even representations need not be inner equivalent. Let ρ be an even endomorphism of F, localized in O. Then σ = Ad U V • ρ with U ∈ F − (O) is even and equivalent to ρ as a representation, but (ρ, σ) ∩ F = {0}, which precludes an extension of the DHR analysis of permutation statistics etc. Furthermore, ρ and σ, although they are equivalent as representations of F, restrict to inequivalent endomorphisms of F + . This observation leads us to confine our attention to the following class of representations. Remark. It will become clear in Theorem 2.14 that nothing is lost by considering only representations which restrict to bosonic sectors of F + . Proof. Clearly, the restriction of a bosonic even DHR representation of F to F + is a bosonic DHR representation. Let ρ, σ be irreducible even DHR morphisms of F, localized in O, and let T ∈ (ρ, σ). Twisted duality implies T ∈ F(O) t , i.e., T = T + + T − V where T ± ∈ F ± . Now both sides of
must commute with α k . The first two terms on the right hand side obviously having this property, we obtain
For F = F * this reduces to T + ρ(F )T * − = 0, which can be true only if T + = 0 or T − = 0 since ρ is irreducible. The case T = T − V is ruled out by the requirement that the restrictions of ρ and σ to F + are both bosonic. Thus we conclude that T ∈ F + (O) and the restrictions ρ + and σ + are equivalent.
As to the converse, a bosonic DHR representation π + of F + gives rise to a local 1-cocycle [32, 33] in F + , i.e. a mapping z : Σ 1 → U(F + ) satisfying the cocycle identity z(∂ 0 c)z(∂ 2 c) = z(∂ 1 c), c ∈ Σ 2 and the locality condition z(b) ∈ F + (|b|), b ∈ Σ 1 . This cocycle can be used as in [33, 34] to extend π + to a representation π of F which has all the desired properties. We omit the details. By this construction, the extensions of equivalent representations are equivalent, an intertwiner T ∈ (ρ, σ) lifting to π(T ) on H.
Theorem 2.13 Let F be a complete normal field net associated with the pair (A, ∆). Then F does not possess non-trivial bosonic even DHR representations with finite statistics. Equivalently, there are no non-trivial bosonic DHR representations of the even subalgebra F + with finite statistics.
Proof. Assume that F has non-trivial bosonic even DHR representations; by the lemma this is equivalent to the existence of bosonic sectors of F + . For the latter the conventional DHR analysis goes through and gives rise to a semigroup Σ of endomorphisms of F + with permutation symmetry etc. These morphisms lift to F and we can apply the DR construction to (F, Σ). Since all elements of Σ are bosonic, no bosonization in the sense of [19, (3.19) ] is necessary. All this works irrespective of the fact that F is not a local net since the fermionic fields are mere spectators. That the resulting field net again satisfies normal commutation relations is more or less evident since the 'new' fields are purely bosonic. Furthermore, Lemma 2.3 is still true when the 'observable net' is Z 2 -graded. Now the rest of the argument works just as in Theorem 2.4. Remarks. 1. In the fermionic case, the even subnet F + has exactly one fermionic sector. This sector is simple and its square is equivalent to the identity, as follows from the fact that bosonic sectors of F + do not exist. 2. At this point one might be suspicious that there exist relevant DHR-like representations of F which are not covered by this theorem. In particular the restriction to bosonic even DHR representations was made for reasons which may appear to be purely technical and physically weakly motivated. The next theorem shows that this is not the case.
Theorem 2.14 Let Γ ⊂ ∆ be a subsemigroup of DHR sectors containing not only bosonic sectors and let F Γ be the incomplete Z 2 -graded field net associated with (A, Γ). Then an application of the DR construction with respect to the bosonic even sectors Σ of F Γ , as described above, leads to a field net F Γ,Σ which is equivalent to the complete normal field net F ∆ .
Proof. Since F is assumed to contain fermions, every F(O) contains unitaries which are odd under α k , giving rise to fermionic automorphisms of A. By composition with one of these, every irreducible endomorphism of A can be made bosonic. It is thus clear that it suffices to extend F by Bose fields which implement these bosonic sectors (more precisely, their extensions to F). The rest of the argument goes as in the preceding subsection.
It is thus the existence of bosonic sectors of the even subnet which indicates that a fermionic field net is not complete, and only such sectors need to be considered when enlarging the field net in order to obtain the complete field net.
Degenerate Sectors in 1 + 1 Dimensions
Let O → A(O) be a net of observables in 1 + 1 dimensions satisfying Haag duality. As shown in [20] , with each pair of localized endomorphisms there are associated two a priori different statistics operators ε(ρ, η), ε(η, ρ) * ∈ (ρη, ηρ). 
their equivalence classes). A DHR sector is degenerate iff it has trivial monodromy with all sectors (it suffices to consider the irreducible ones).
A convenient criterion for triviality of the monodromy of two morphisms is given by the following Proof. Using the intertwiners T L/R ∈ (η, η L/R ), the statistics operators are given by
The proof is completed by the observation that T L T * R equals T * up to a phase. At first sight one might be tempted to erroneously conclude from this Lemma that there is no nontrivial braid statistics as follows: The above charge transporting intertwiner T commutes with A(O) which, appealing to Haag duality, implies that it is contained in the algebra of the spacelike complement O ′ . On this algebra every morphism localized in O acts trivially, so that the Lemma implies permutation group statistics. The mistake in this argument is, of course, that T is contained in the weakly closed algebra
It is only the latter on which ρ is known to act trivially.
The results of this section depend on an additional axiom, the split property. 
The last identity follows from M 1 , M 2 being type I factors. Thus ρ restricts to an endomorphism of M 1 . Now every endomorphism of a type I factor is inner [24, Cor. 3.8] , i.e. there is a (possibly infinite) family of isometries
(The sums over I are understood in the strong sense.) Now by (3.3) and the premises,
. In order to prove ρ = η on all of A it suffices to show ρ(A) = η(A) ∀A ∈ A(O 2 ) where we may, of course, assume O 2 ⊃ O 1 . For the moment we take for granted that
Having just proved ρ ↾ A(O 1 ) = η and remarking that ρ ↾ A(O 2 ) ∧ A(O) ′ = id = η is true by assumption, we conclude by local normality that ρ ↾ A(O 2 ) = η. In order to prove (3.4), apply the split property to the inclusion O ⊂⊂ O 1 . Under the split isomorphism we have
, from which (3.4) follows at once.
Remark. The first part of the proof is essentially identical to [12, Prop. 2.3]. There it was stated only for automorphisms but the possibility of the above extension was remarked. 
Proof of a Conjecture by Rehren
We begin with two easy but crucial results on the set of degenerate DHR sectors. Proof. Let ρ be equivalent to π and localized in O, decomposing into irreducibles according to ρ = i∈I V i ρ i (·) V * i . That is, the ρ i are localized in O and V i ∈ A(O) with V * i V j = δ i,j 1 and i V i V * i = 1. By Lemma 3.2, π is degenerate iff ρ(T ) = T for every unitary intertwiner between (irreducible) morphisms σ, σ ′ which are localized in the two different connected components of
′ the left hand side equals T V * j V k = T δ j,k which leads to the necessary and sufficient condition ρ j (T ) = T ∀j ∈ I, which in turn is equivalent to all ρ i being degenerate. Proof. Let ρ 1 , ρ 2 be degenerate, i.e. ε M (ρ i , σ) = 1 ∀σ. Due to the identities [21] 
we have
Thus ∆ D is closed under composition. By the preceding Lemma the direct sum of degenerate morphisms is degenerate, and every irreducible morphism contained in a degenerate one is again degenerate. That (∆ D , ε) is specially directed in the sense of [17, Sec. 5] follows as in [19, Lemma 3.7] from the fact that the degenerate sectors have permutation group statistics. It is now clear that the spatial version [17, Cor. 6.2] of the construction of the crossed product can be applied to the quasilocal observable algebra and a semigroup ∆ as above. As the proofs in [19, Sec. 3] were given for ≥ 2+1 space time dimensions it seems advisable to reconsider them in order to be on the safe side, in particular as far as (twisted) duality for the field net is concerned. Proof. The proof of existence in [19, Thm. 3.5] holds unchanged as it relies only on algebraic arguments independent of the dimension. The same holds for [19, Thm. 3.6] with the possible exception of the argument leading to twisted duality on p. 73. The latter boils down algebraically to the identity
Finally, the proof of this formula in [19, Lemma 3.8] is easily verified to be correct in 1 + 1 dimensions, too. Remarks. 1. The reader who feels uneasy with these few remarks is encouraged to study the proofs of [19, Thms. 3.5, 3.6] himself, for it would make no sense to reproduce them here. 2. It may be confusing that in theories with group symmetry satisfying the split property for wedges (SPW), Haag duality for a field net F and the G-fixpoint net A (in the vacuum sector) are in fact incompatible [27] . The SPW has been verified for massive free scalar and Dirac fields and is probably true in all reasonable massive theories. On the other hand, a net of observables which satisfies Haag duality and the SPW does not admit DHR sectors anyway [28] . In view of this result, we implicitly assume in this section that the observables do not satisfy the SPW. The point is that one must be careful to distinguish between conformally covariant or at least massless theories, with which we are concerned here, and massive theories since the scenarios are quite different. Proof. The proofs of the theorems 2.4, 2.13 are valid also in the 2-dimensional situation since neither the argument of Lemma 2.3 on the extendibility of local symmetries nor the uniqueness result of [19, Thm. 3.5] require any modification.
This result, which was conjectured by Rehren in [29] , is quite interesting and potentially useful for the analysis of superselection structure in 1 + 1 dimensions. It seems worthwhile to restate it in the following form. 
Relating the Superselection Structures of A and F
In the preceding subsection we have seen that whenever there are degenerate sectors one can construct an extended theory which is non-degenerate. The larger theory has a group symmetry such that the original theory is reobtained by retaining only the invariant operators. Equivalently, all degenerate theories are orbifold theories. By this result, a general analysis of the superselection structure in 1 + 1 dimensions may begin by considering the nondegenerate case. It remains, however, to clarify the relation between the superselection structures of the degenerate theory and the extended theory. This will not be attempted here, but we will provide some results going in this direction. (We have used the fact that the conjugateρ is degenerate iff ρ is degenerate.)
Being able to apply the DR construction also in 1 + 1 dimensions provided we consider only semigroups of degenerate endomorphisms, we are led to reconsider Lemma 2.6 concerning the extension of localized endomorphisms of the observable algebra to the field net. The construction given in Section 2 can not be used for the extension of nondegenerate morphisms η since we do not have a complete field net at our disposal. A prescription which does not rely on the existence of a complete field net was given by Rehren [30] . The claim of uniqueness made there has, however, to made more precise. Furthermore, it is not completely trivial to establish the existence part. Fortunately, both of these questions can be clarified in a relatively straightforward manner by generalizing results by Doplicher and Roberts. In [17, Sec. 8] they considered a similar extension problem, namely the extension of automorphisms of A to automorphisms of F commuting with the gauge group. The application that these authors had in mind was the extension of space time symmetries to the field net [19, Sec. 6] under the provision that the endomorphisms implemented by the fields are covariant. For a morphism ρ ∈ ∆ the inner endomorphism of F which extends ρ will also be denoted by ρ.
Lemma 4.7 Let B be the crossed product [17] of the C * -algebra A with center C1 by the permutation symmetric, specially directed semigroup (∆, ε) of endomorphisms and let G be the corresponding gauge group. Let Γ be a semigroup of unital endomorphisms of A. Then there is a one-to-one correspondence between actions of Γ on B by unital endomorphisms η which extend η ∈ Γ and commute elementwise with G and mappings
for all η, η ′ ∈ Γ, ρ, ρ ′ ∈ ∆. The correspondence is determined bỹ
Proof. An inspection of the proofs of [17, Thm. 8.2, Cor. 8.3] , where groups of automorphisms were considered, makes plain that they are valid also for the case of semigroups of true endomorphisms and we refrain from repeating them. Besides η not necessarily being onto, the only change occurred in (4.6) which replaces the property W ρ ∈ (ρ, βρβ −1 ) which does not make sense for a proper endomorphism β. Givenη and setting
where ψ i , i = 1, . . . , d is a basis of H ρ , it is clear that W ρ satisfies (4.6). The other properties of the W 's are proved as in [17] . As to the converse direction, we are done provided we can show that [17, Thm. 8.1] concerning the extension of η to the cross product of A by a single endomorphism ρ generalizes to the case of η an endomorphism. We give only that part of the argument which differs from the one in [17] . 
thanks to the conditions on W and the fact that O SU (d) is generated by the elements S and θ, see [15] . Thus ηρη −1 • ζ ′ 1 is well defined and equals ζ ′ 1 • σ, where σ is the canonical endomorphism of O SU (d) . As in [17] we conclude that ζ ′ ↾ O SU (d) = η • µ. Thus by the universality of A ⊗ µ O d there is an isomorphism between A ⊗ µ O d and the subalgebra generated by π ′ (A) and ζ ′ (ψ). Equivalently, there is an endomorphism γ of A ⊗ µ O d such that
Now the rest of the proof goes exactly as in [17, Thm. 8.1], i.e. after factoring out the ideal J φ we obtain an endomorphismη of the crossed product B = (A ⊗ µ O d )/J φ which commutes with the action of the gauge group G. Now let S ∈ (η, η ′ ) satisfy (4.11). Then for ψ ∈ H ρ we have
Sinceη,η ′ are determined by their action on the spaces H ρ this implies S ∈ (η,η ′ ).
We are now ready to consider the wanted extensions of localized endomorphisms. Motivated by Lemma 2.6 where we had (in the case of bosonic ψ ρ ) 16) we appeal to the preceding Lemma with W ρ (η) = ε(ρ, η). Proof. We set W ρ (η) = ε(ρ, η) and verify the requirements (4.6-4.9). Obviously (4.6) is fulfilled by definition of the statistics operator. (4.8) and (4.9) follow from (4.1) and (4.2), respectively. Finally, (4.9) is just ε(ρ ′ , η)T = η(T )ε(ρ, η) which holds for T ∈ (ρ, ρ ′ ). The statement on the localizations follows from the fact that ε(ρ, η) = 1 if ρ, η are spacelike localized. Finally, with S ∈ (η, σ) one has ε(ρ, η)S = ρ(S)ε(ρ, σ) such that the condition (4.11) is satisfied. Thus S ∈ (η,σ). Remarks. 1. It is surprising that the result of [17, Sec. 8] in the guise of Lemma 4.7 finds an application quite different from the one in [19, Sec. 6] for which it was designed. 2. The above result is unaffected if the field net is fermionic. In this case the identitityη • α k = α k •η where k ∈ G is the grading element (which distinguishes bosonic and fermionic fields) shows thatη leaves the statistics of fields invariant. In fact, this observation provided the motivation for introducing the notion of even DHR sectors in Section 2.2.
3. In principle, the construction of the field algebra works for every family of sectors with permutation group statistics which is closed under direct sums and subobjects. As emphasized by Rehren [30] , the extensionη is localized in a double cone only if the charged fields in F correspond to degenerate sectors, for otherwise ε(ρ, η) = 1 holds only if ρ is localized to the right of η (or left, if ε(η, ρ) * is used). In the special case where η is an automorphism, the extensionη can be defined via [17, Thm. 8.2], using W ρ (η) as above. Clearly,η is irreducible since it is an automorphism. In general, however, the extensionη will not be irreducible. Rehren's description [30] of the relative commutant can also be proved rigorously by adapting earlier results [16, Lemma 5.1].
Lemma 4.9 The relative commutant F ∩η(F) ′ is generated as a closed linear space by sets of the form (ρη, η)H ρ , ρ ∈ ∆.
Proof. By twisted duality, an operator inη(F) ′ is contained in F(O) t , where O is the localization region of η. Due to F ∩ F t = F + , the selfintertwiners ofη in F are bosonic. Obviously, (ρη, η)ψ, ψ ∈ H ρ is in F ∩ η(A) ′ . Now, just as η, so can ρη be extended to an endomorphism ρη of F by the Proposition. Furthermore, T ∈ (ρη, η) lifts to an intertwiner betweenρη andη. Thus (ρη, η)ψ ρ is in F ∩η(F) ′ . As to the converse,η(F) ′ ∩F is globally stable under the action of G sinceη commutes with G. Thusη(F) ′ ∩F is generated linearly by its irreducible tensors under G. If T 1 , . . . , T d is such a tensor from F ∩η(F) ′ , then there is a multiplet ψ i , i = 1, . . . , d of isometries in F and transforming in the same way, since the field algebra has full Hilbert G-spectrum. With X = d i=1 T i ψ * i ∈ F G we have T i = Xψ i and we must prove X ∈ (ρη, η). Now T i F = F T i for F ∈η(F) implies Xψ iη (F ) = Xρ(η(F ))ψ i =η(F )Xψ i , F ∈ F, i = 1, . . . , d.
(4.17)
Multiplying the second identity with ψ * i and summing over i we obtain Xρ(η(F )) = η(F )X, F ∈ F since i ψ i ψ * i = 1 by construction of the field algebra. Thus X ∈ (ρη, η).
Corollary 4.10η is irreducible iff the endomorphism ηη of A does not contain a nontrivial morphism ρ ∈ ∆.
Proof. By the Lemma, the existence of a morphism ρ ∈ ∆ with (ηρ, η) = {0} is necessary and sufficient for the nontriviality of F ∩η(F) ′ . But by Frobenius reciprocity, ηρ ≻ η is equivalent to ηη ≻ρ. Remark. The irreducible endomorphisms obtained by decomposing an extensionη are even, provided we use bosonic isometric intertwiners. This can always be done as the relative commutant is contained in F + by Lemma 4.9.
Summary and Outlook
In this work we have proved two intuitively reasonable properties of the Doplicher-Roberts construction: The (essentially unique) complete field net which describes all DHR sectors has itself no localized sectors, and also it can be obtained from an intermediate, thus incomplete, field net by an application of the DR construction. Clearly, the complete (w.r.t. the DHR sectors) field net may still have nontrivial representations with the weaker Buchholz-Fredenhagen localization property. In a sense, the situation in 1 + 1 dimensions is quite similar. The degenerate sectors may be considered 'better localized' than generic DHR sectors insofar as they arise from local fields, in contrast to what is to be expected in the general case. Non-local charged fields played a role, e.g., in [27] where, however, the underlying quantum symmetry was spontaneously broken. As will be shown elsewhere, the symmetry breakdown encountered there is generic in massive models. As was mentioned above, the peculiar nature of the superselection structure of massive models manifests itself also in an analysis which starts from the observables [28] . For this reason, the considerations in sections 3 and 4 were aimed primarily at conformally covariant theories in 1 + 1 dimensions. This leads us to the following concluding remark.
It is well known [26] that conformal theories live on a suitably compactified Minkowski space. This compactification renders the spacetime non-simply connected, which in turn implies the existence of a center in the algebra of observables [21] . Triviality of the center was however an essential requirement for the Doplicher-Roberts analysis, in particular [14, 17] . In a first approach one may circumvent this problem by working with the restriction of the net to Minkowski space. Since this 'removal of a point at infinity' may destroy Haag duality, an analysis on the compactified spacetime seems desirable. It should be obvious that in this case the DR construction may produce fields which live only on a covering space.
